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Abstract
In order to study the ”problem of time”, Rovelli proposed a model of a
two harmonic oscillator system where one of the oscillators can be thought
of as a ’clock’ for the other oscillator. In this paper we examine a model
where the Hamiltonian is a difference between two harmonic oscillators, and
we consider one of them which has the minus sign as a ’clock’. Klauder’s
projection operator approach to generalized coherent states is used to de-
fine physical states and operators. The resolution of unity is derived in
terms of a gauge invariant coordinate. We investigate the ’quantum clock’
and show that the evolution described by it is identical to the classical
motion when the energy becomes large.
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I. INTRODUCTION
One of the measure conceptual problems in quantum gravity is the ”problem
of time” [1]. In order to study it Rovelli proposed an interesting model of a
two harmonic oscillator system where one of the oscillators can be thought of
as a ’clock’ for the other oscillator [2]. He showed that the ’clock’ can describe
a natural time evolution, even though the system has a time reparametrization
invariance. In a similar model Lawrie and Epp studied an evolution which is
governed by an exact Heisenberg equation, and they considered coherent states
and introduced a window function to investigate an approximate analytical time
dependence of the system [3]. Recently, Ashworth utilized Klauder’s projection
operator approach to generalized coherent states [4] for the double harmonic
oscillator system [5]. Using Marolf’s gauge invariant statement [6], he introduced
’time’ by the phase of an oscillator, ’clock’, and he showed that the time evolution
described by the ’clock’ agrees with the classical equation of motion when the
energy becomes large.
On the other hand it is well known that the gravitational degree of freedom
has a minus sign in the Hamiltonian of quantum cosmology [7]. The Hamiltonian
can be written as a difference between two harmonic oscillators in some cases,
for example, the five-dimensional Kaluza-Klein cosmology by Wudka [8] and the
minisuperspace model by Hartle-Hawking [9] if time variable is redefined and the
cosmological constant is assumed to be zero.
In this paper we examine a model where the Hamiltonian is a difference be-
tween two harmonic oscillators, and we consider one of them which has the minus
sign in the Hamiltonian as a ’clock’. The projection operator approach to gener-
alized coherent states is used to define physical states. We deduce a resolution
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of unity with respect to gauge invariant states by virtue of a coordinate trans-
formation. In the same way physical operators are expressed in terms of gauge
invariant states and physical symbols. We investigate the ’quantum clock’ and
show that the evolution described by it is identical to the classical motion when
the energy becomes large.
In §2 we will consider a model where the Hamiltonian is a difference between
two harmonic oscillators, and we will use the projection operator approach to
generalized coherent states in order to obtain physical states. In §3 the resolution
of unity will be derived in terms of a gauge invariant coordinate. In §4 we will
project operators to the physical space, and we will define a ’quantum clock’ and
show that the evolution described by it is same with the classical motion when
the energy becomes large. We summarize in §5. Appendix A is devoted to derive
the gauge transformation of our system. In Appendix B it will be shown that our
result of the resolution of unity agrees with that in Ref. [10].
II. A MODEL OF TWO HARMONIC OSCIL-
LATORS
Let us consider the following action which is a difference between two harmonic
oscillators:
S =
∫
dt L , (1)
L =
1
2λ
[(
dq1
dt
)2
−
(
dq2
dt
)2 ]
− λ
2
[ω2(q21 − q22)− 2E ] .
The action (1) has the time reparametrization invariance, and the Hamiltonian
reads
H = λ (H1 −H2 − E) , (2)
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where Hi =
1
2
(p2i +ω
2q2i ) , (i = 1, 2) . If we define the proper time, τ =
∫ t
0 dt
′λ(t′) ,
the classical equations of motion for q1, q2 are q¨i = −ω2qi (i = 1, 2) , q¨i =
d2qi/dτ
2 . Therefore, q1 and q2 are ordinary harmonic oscillators with only one
exceptional point that q2 has a minus sign in the Hamiltonian (2).
We write the classical solution of this system as
qcl1 = A cos(ωτ + φ1) , q
cl
2 = B cos(−ωτ + φ2) , (3)
where we have assumed that the two harmonic oscillators have opposite depen-
dence on the proper time. The reason of this assumption is because under the
gauge transformation, that is the time translation, the phases of the two har-
monic oscillators are transformed into opposite direction, which is discussed in
Appendix A.1 Then the classical motion of each harmonic oscillator can be also
written by another harmonic oscillator as
qcl1 = A cos
(
−cos−1 q
cl
2
B
+ φ1 + φ2
)
,
qcl2 = B cos
(
−cos−1 q
cl
1
A
+ φ1 + φ2
)
. (4)
This expression shows that either qcl1 or q
cl
2 can be used for a classical clock for
qcl2 or q
cl
1 , respectively.
Since the action (1) has no time derivative of λ, we get the constraint,
H = 0 , namely H1 −H2 = E , (5)
which corresponds to the time reparametrization invariance. The equations (3),
(5) mean that the classical amplitudes of the oscillators must satisfy
(Aω)2 − (Bω)2 = 2E . (6)
1It was pointed out by Prof. T. Kubota that the phases of two harmonic oscillators are
transformed into opposite direction under the gauge transformation.
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The consideration in Appendix A suggests that the gauge transformation can be
written as
λ→ λ+ ǫ , φ1 → φ1 − ǫωt , φ2 → φ2 + ǫωt .
Hence in our case the summation of initial phases of the two harmonic oscillators
φ1 + φ2 is gauge invariant.
To quantize this model, we impose the canonical commutation relations for
Heisenberg operators, Qˆj , Pˆk ,
[
Qˆj , Pˆk
]
= i h¯ δjk , (7)[
Qˆj , Qˆk
]
=
[
Pˆj , Pˆk
]
= 0 .
Provided we define annihilation operators by
a =
√
ω
2h¯
Qˆ1 +
i√
2h¯ω
Pˆ1 , b =
√
ω
2h¯
Qˆ2 +
i√
2h¯ω
Pˆ2 , (8)
then we obtain [a, a†] = [b, b†] = 1 , [a, b] = [a†, b†] = 0 . From Eqs. (5) and (8)
the constraint operator can be written as
Φˆ = a†a− b†b−E ′ , (9)
with E ′ = E/h¯ω .
We start from the the coherent states for the two harmonic oscillators,
| α, β〉 = e−(|α|2+|β|2)/2
∞∑
n,m=0
αnβm√
n!
√
m!
|n,m〉 , (10)
where |n,m〉 = 1√
n!
(a†)n 1√
m!
(b†)m|0, 0〉 and α, β are arbitrary complex numbers
[11]. These coherent states satisfy the properties:
a| α, β〉 = α| α, β〉 , b| α, β〉 = β| α, β〉 , (11)
〈α, β | α, β〉 = 1 , I =
∫ d2α
π
d2β
π
| α, β〉〈α, β | ,
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with d2α = d(Re α) d(Im α) . Using Eqs. (8), (11), we obtain the diagonal
element of Qˆ1 and Qˆ2 as
q1(α, β) = 〈α, β |Qˆ1| α, β〉 =
√
h¯
2ω
(α+ α¯) ,
q2(α, β) = 〈α, β |Qˆ2| α, β〉 =
√
h¯
2ω
(β + β¯) . (12)
In the same way as Ref. [5], we utilize Klauder’s projection operator approach
to generalized coherent states [4]. Projecting | α, β〉 on the physical states as
| α, β〉phys = P| α, β〉 , P =
∫
dµ(λ) e −iλΦˆ , (13)
we have
| α, β〉phys = e−(|α|2+|β|2)/2
∞∑
n,m=0
αnβm√
n!
√
m!
∫
dµ(λ) e −iλ(n−m−E
′) |n,m〉 ,
= e−(|α|
2+|β|2)/2
∞∑
m=0
αm+m
′
βm√
(m+m′)!
√
m!
|m+m′, m〉 . (14)
Here we have set E ′ = m′ = n−m . The norms of these states are
phys〈α, β | α, β〉phys = 〈α, β |P| α, β〉 ,
= e−(|α|
2+|β|2)
∞∑
m=0
|α|2(m+m′)|β|2m
m!(m+m′)!
,
= e−(|α|
2+|β|2)
∣∣∣∣αβ
∣∣∣∣m
′
Im′(2|αβ|) , (15)
where we have used the formula [12],
∞∑
n=0
(
x
2
)2n
n! (k + n)!
=
(
2
x
)k
Ik (x) , (16)
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and Ik (x) is a modified Bessel function. Normalized physical states, | α, β〉n.phys
can be written as
| α, β〉n.phys = | α, β〉phys /
√
phys〈α, β | α, β〉phys ,
=
∣∣∣β
α
∣∣∣m′/2αm′√
Im′(2|αβ|)
∞∑
m=0
(αβ)m√
(m+m′)!
√
m!
|m+m′, m〉 . (17)
III. RESOLUTION OF UNITY
As indicated in Appendix A the gauge transformation generated by the constraint
transforms the complex coordinates as α → αeiϕ and β → βe−iϕ . Whence, if
we define a complex coordinate, ξ = αβ , then ξ is gauge independent. Now | ξ|
is a product of the amplitudes of the two harmonic oscillators, and arg ξ is the
sum of their phases. We will see that ξ is sufficient to describe the resolution of
unity in the physical space. Let us define the minus of the phase of the second
harmonic oscillator q2 that has the minus sign in the Hamiltonian (2) as θ , that
is β = |β| e−iθ (0 ≤ θ < 2π) . In principle, any of the two oscillators could
be used as a ’clock’. However, we will consider the classical limit as when the
energy becomes large, namely the first oscillator q1 becomes large. So we will
later regard q2 as a ’clock’ and θ as ’time’ in this system. We can factor out the
dependence on θ from | α, β〉n.phys ,
| α, β〉n.phys = eim′ θ | ξ 〉 , (18)
| ξ 〉 = ξ
m′
|ξ|m′/2
√
Im′(|2ξ|)
∞∑
m=0
ξm√
(m+m′)!
√
m!
|m+m′, m〉 .
The unity operator in the full phase space can be projected on the physical
7
phase space:
I ′ = PIP =
∫
d2α
π
d2β
π
P| α, β〉〈α, β | P . (19)
Suppose we change the coordinates,
r˜ = |α|2 − |β|2 ,
e−iθ =
β
|β| , (20)
ξ = αβ ,
we have
α =
√
r˜+
2
ξ
|ξ| e
iθ , β =
√
−r˜−
2
e−iθ ,
where r˜± = r˜ ±
√
r˜2 + 4|ξ|2 , r˜+r˜− = −4|ξ|2 . The absolute value of the
Jacobian |J | associated with this change of coordinates is calculated as2
|J | = 1
2
√
r˜2 + 4|ξ|2
=
1
2r
, (21)
where we have defined r = |α|2 + |β|2 =
√
r˜2 + 4|ξ|2 , (r ≥ 2|ξ|) . Using Eqs.
(15), (18)-(21), we deduce the resolution of unity,
I ′ =
∫
d2α
π
d2β
π
| 〈α, β |P| α, β〉| | ξ 〉〈 ξ | ,
=
∫
dr˜dθd2ξ
1
2π2r
e−r
(
r˜+
2|ξ|
)m′
Im′(2|ξ|) | ξ 〉〈 ξ | .
Because r˜ = ±
√
r2 − 4|ξ|2 (+ for |α| ≥ |β| , − for |α| < |β| ) , we are led to
I ′ =
∫
d2ξ
π
Im′(2|ξ|)
(2|ξ|)m′ fm′(|ξ|) | ξ 〉〈 ξ | , (22)
2It is easier to consider the inverse change of coordinates and to derive |J−1| = 2r than to
calculate |J | directly, which was suggested by Prof. T. Kubota.
8
fm′(|ξ|) =
∫ ∞
−∞
dr˜
e−r
r
(r˜+)
m′ =
∫ ∞
2|ξ|
dr
e−r√
r2 − 4|ξ|2
[ rm
′
+ + r
m′
− ] ,
with r± = r ±
√
r2 − 4|ξ|2 . Owing to the following formula [13]:
∫ ∞
a
dx
(x+
√
x2 − a2)ν + (x−√x2 − a2)ν√
x2 − a2 e
−px = 2aνKν(ap)
( a > 0 , Re p > 0 ) ,
where Kν is a modified Bessel function, we can obtain the explicit expression of
fm′(|ξ|) as
fm′(|ξ|) = 2 (2|ξ|)m′ Km′(2|ξ|) . (23)
Finally we can derive the resolution of unity,
I ′ = 2
π
∫
d2ξ Im′(2|ξ|) Km′(2|ξ|) | ξ 〉〈 ξ | , (24)
from Eqs. (22), (23).
Now the constraint equations (6), (9) suggest that the underlying symmetry of
our model is SU(1, 1) . As shown in Appendix B, it is possible to prove that our
result (24) agrees with the equation (3.22) in Ref. [10] which is the resolution of
unity for generalized coherent states associated with the Lie algebra of SU(1, 1) .
IV. PROJECTION OF OPERATORS ANDQUAN-
TUM CLOCK
According to Ref. [5], let us define a symbol for an arbitrary operator O˜(Qˆ, Pˆ )
on the physical space as
o(q, p)|phys = 〈q, p | P O˜(Qˆ, Pˆ ) P| q, p 〉|〈q, p | P | q, p 〉| , (25)
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and let us project O˜(Qˆ, Pˆ ) to a well-defined operator on the physical states as
O˜(Qˆ, Pˆ )|phys =
∫
dµ(q, p) o(q, p) P| q, p 〉〈q, p |P . (26)
In the same way as the resolution of unity, we can rewrite this equation into the
form,
O˜(Qˆ, Pˆ )|phys =
∫
d2α
π
d2β
π
o(α, β) P| α, β〉〈α, β |P ,
=
2
π
∫
d2ξ Im′(2|ξ|) Km′(2|ξ|) o′(ξ) | ξ 〉〈 ξ | , (27)
o′(ξ) =
1
2 (2|ξ|)m′Km′(2|ξ|)
∫ ∞
−∞
dr˜
∫ 2pi
0
dθ
2π
e−r
r
r˜m
′
+ o(ξ, r˜, θ) ,
where r and r˜+ were defined in Eqs. (20), (21). Note that o
′(ξ) is the projected
symbol and o′(ξ) = 1 when o(α, β) = 1 .
Unless the symbol o(ξ, r˜, θ) changes very much with respect to r˜ , the integrand
of o′(ξ) (X below) approaches a Gaussian function around r˜ ≈ m′ , when the
energy of the system E ′ = m′ becomes large:
X =
e−
√
r˜2+4|ξ|2
2Km′(2|ξ|)
√
r˜2 + 4|ξ|2

 r˜ +
√
r˜2 + 4|ξ|2
2|ξ|


m′
,
→ 1√
2πm′
exp
[
−(r˜ −m
′)2
2m′
]
. (28)
Here we have used the asymptotic form of Kν in Ref. [14],
Kν(νz) ∼
√
π
2ν
e−νη
(1 + z2)1/4
(ν →∞) , (29)
η =
√
1 + z2 + log
z
1 +
√
1 + z2
,
and we have assumed r˜ ≫ |ξ| , m′ ≫ 1 . Fig. 1 demonstrates the relation
between X and r˜ , when m′ = 10, 100, 1000 and |ξ| = 1 . The limit (28) of
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X means that limm′→∞
∫∞
−∞ dr˜X = 1 . Thus X becomes a delta function
δ(r˜−m′) in the classical limit. This means that, when m′ is large, the projection
of the symbol satisfies o′(ξ) ≈ ∫ 2pi0 dθ2pi o(ξ,m′, θ) , and, if the symbol o is gauge
independent, namely o does not depend on θ , we have o′(ξ) ≈ o(ξ,m′, θ0) ,
where θ0 is an arbitrary constant (0 ≤ θ0 < 2π) .
Fig. 1
For example, let us take Qˆ1 and Qˆ2 for O˜(Qˆ, Pˆ ) , then we have
q′1(ξ) ∝
∫ 2pi
0
dθ cos(φ+ + θ) = 0 ,
q′2(ξ) ∝
∫ 2pi
0
dθ cos θ = 0 ,
where we have used Eqs. (12), (27) and have defined ξ = |ξ| eiφ+ . This result
is rather natural, since the average positions of operators over one period of the
oscillator are zero [5]. Note that the gauge transformation is ’time translation’ in
this system, we must choose a specific time to avoid this result.
Following Ashworth, we use Marolf’s gauge invariant statement [6],
o|q=s =
∫
dt
dq
dt
δ[q(t)− s] o(t) . (30)
Let us consider the second oscillator q2 which has the minus sign in the Hamil-
tonian as a ’clock’, and let us regard the minus of its phase θ as ’time’ in our
system. So we take q = q2(θ) , s = B cos (ωτ − φ2) = qcl2 , and we obtain
o|q2=s =
∫
dθ
dq2
dθ
δ[q2(θ)− B cos (ωτ − φ2)] o(θ) ,
=
∫
dθ δ[θ − (ωτ − φ2)] o(θ) = o(ωτ − φ2) .
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This means that we can replace o(ξ, r˜, θ)|q2=s by o(ξ, r˜, ωτ − φ2) , so Eq. (27)
gives
o′(ξ, s) = o′(ξ)|q2=s ,
=
1
2 (2|ξ|)m′Km′(2|ξ|)
∫ ∞
−∞
dr˜
∫ 2pi
0
dθ
2π
e−r
r
r˜m
′
+ o(ξ, r˜, θ)|q2=s ,
=
1
2 (2|ξ|)m′Km′(2|ξ|)
∫ ∞
−∞
dr˜
e−r
r
r˜m
′
+ o(ξ, r˜, ωτ − φ2) . (31)
Choosing q1 as o , we obtain
q′1(ξ)|q2=s =
1
2 (2|ξ|)m′Km′(2|ξ|)
∫ ∞
−∞
dr˜
e−r
r
r˜m
′
+
√
h¯
ω
√
r˜+ cos[φ+ + (ωτ − φ2)],
=
√
h¯
ω
cos[φ+ + (ωτ − φ2)]
2 (2|ξ|)m′Km′(2|ξ|) fm
′+1/2(|ξ|) ,
where φ+ is the phase of ξ , and fm′+1/2(|ξ|) is defined in Eqs. (22) with
the replacement, m′ → m′ + 1
2
. Since Eq. (23) means that fm′+1/2(|ξ|) =
2 (2|ξ|)m′+1/2Km′+1/2(2|ξ|) , we arrive at
q′1(ξ)|q2=s =
√
h¯
ω
√
2|ξ| Km′+1/2(2|ξ|)
Km′(2|ξ|) cos (ωτ − φ2 + φ+ ) . (32)
In the classical limit E ′ = m′ →∞ , the asymptotic form of the modified Bessel
function (29) gives Km′+1/2(2|ξ|)/Km′(2|ξ|) ≈
√
m′/|ξ| , and
q′1(ξ)|q2=s ≈
√
2h¯
ω
√
m′ cos (ωτ − φ2 + φ+ ) ,
≈ A cos (ωτ − φ2 + φ+ ) . (33)
Here A is the amplitude of the first oscillator, and we have used r˜ ≈ m′ , r˜ ≫ |ξ| .
Note that ξ is gauge invariant and its phase φ+ is the same as the initial phase
sum φ1 + φ2 . Hence the right-hand side of Eq. (33) is identical to the classical
12
solution qcl1 in Eqs. (3) . Namely, the evolution of the first operator q1 described
by the ’quantum clock’ q2 is identical to the classical motion when the energy
becomes large.
V. SUMMARY
We examined a model where the Hamiltonian is a difference between two har-
monic oscillators, and we considered one of them which has the minus sign in
the Hamiltonian as a ’clock’. The projection operator approach to generalized
coherent states was used to define physical states. We deduced a resolution of
unity with respect to gauge invariant states . In the same way, physical opera-
tors were expressed in terms of gauge invariant states and physical symbols. We
investigated the ’quantum clock’ and showed that the evolution described by it
is identical to the classical motion when the energy becomes large.
As a future work, it will be interesting to apply the projection operator
approach to coherent states in order to study the time evolution of the five-
dimensional Kaluza-Klein cosmology by Wudka [8] and the minisuperspace model
by Hartle-Hawking [9] when the cosmological constant is zero.
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APPENDIX A
First we begin by a pair of creation and annihilation operators of a harmonic
oscillator a†, a which satisfy [a, a†] = 1 . Let us formally define the polar decom-
position of a as
a = eiθa |a| , (A1)
where |a| and θa are the absolute value operator and the phase operator of a ,
respectively [15]. Then the number operator Na = a
†a = |a|2 satisfies
[Na, e
iθa ] = −eiθa . (A2)
In the following expansion,
eiθaNae
−iθa = Na + i[θa, Na] +
i2
2!
[[θa, [θa, Na]] + · · · ,
the left-hand side is equal to Na+1 by Eq. (A2), and the right-hand side becomes
Na + i[θa, Na] , because [θa, Na] is a c-number. Therefore we obtain
[Na, θa] = i . (A3)
Next let us consider another pair of creation and annihilation operators b†, b
with [b, b†] = 1 , then similar equations as Eqs. (A1)-(A3) hold with respect to b.
We examine two cases where the Hamiltonian is the sum or the difference of two
harmonic oscillators.
Case 1: Hˆ+ = h¯ω(Na +Nb − E ′)
Since Eq. (A3) means [Hˆ+, θa] = ih¯ω and [Hˆ+, θb] = ih¯ω , we have
[Hˆ+, θa + θb] = 2ih¯ω , [Hˆ+, θa − θb] = 0 . (A4)
Therefore the phase difference θa−θb is gauge invariant, and the phase sum θa+θb
is not invariant in this case. This case was investigated in Ref. [5].
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Case 2: Hˆ− = h¯ω(Na −Nb −E ′)
Since Eq. (A3) means [Hˆ−, θa] = ih¯ω and [Hˆ−, θb] = −ih¯ω , we have
[Hˆ−, θa + θb] = 0 , [Hˆ−, θa − θb] = 2ih¯ω . (A5)
Hence the phase sum θa + θb is gauge invariant, and the phase difference θa − θb
is not invariant in this case.
From Eq. (9), Hˆ− = h¯ωΦˆ , and Hˆ− is the generator of the gauge transfor-
mation (time translation) of our system. So Eqs. (A5) suggest that the phase
of each harmonic oscillator transforms into opposite direction under the gauge
transformation.
APPENDIX B
Barut and Girardello [10] derived the resolution of unity for generalized coherent
states associated with the Lie algebra of SU(1, 1) as
I ′ =
∫
dσ(z) |z〉〈z| , (B1)
σ(z) = σ(ρ) ρ dρ dϕ , σ(ρ) =
4
πΓ(−2Φ)
(√
2ρ
)−2Φ−1
K1+2Φ
(
2
√
2ρ
)
,
where z = ρ eiϕ, |z| = ρ and −2Φ − 1 = 0, 1, 2, · · · . Here we have corrected an
erratum of σ(ρ) in Ref. [10], namely K1/2+Φ → K1+2Φ . The reason of this is
because the formula in Ref. [16] was wrong, and it should be replaced by
∫ ∞
0
dx 2xα+βK2(α−β) (2
√
x) xs−1 = Γ(2α + s) Γ(2β + s) . (B2)
This formula can be proved by the integral expression of Kν(z) [17],
Kν(z) =
∫∞
0 dt exp (−z cosh t) cosh (νt) , a change of the order of integration
and the following formula [18]:
∫ ∞
0
dx
cosh bx
coshν cx
=
2ν−2
cΓ(ν)
Γ
(
νc+ b
2c
)
Γ
(
νc− b
2c
)
.
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We can also easily assure Eq. (B2) in a special case that α = 1/4, β = 0, s = 1 ,
using K1/2(z) =
√
π/2z exp (−z) [19].
Let us write the normalized state of |z〉 as |z〉n , then we have
|z〉〈z| = 〈z|z〉 |z〉n n〈z| , (B3)
〈z|z〉 = Γ(−2Φ)
∞∑
n=0
(
√
2|z|)2n
n!Γ(−2Φ + n) =
m′!
(
√
2|z|)m′ Im′(2
√
2|z|) ,
where we have used Eq. (16) and have identified m′ = −2Φ − 1 . If we write
ξ =
√
2z and |z〉n n〈z| = | ξ 〉〈 ξ | , then Eqs. (B1) is identical to Eq. (24) .
Therefore, we have established that our resolution of unity agrees with that in
Ref. [10] .
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Figure Captions
FIG. 1. The relation between X and r˜ , when m′ = 10, 100, 1000 and |ξ| = 1 .
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